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Abstract

In this note we asymptotically determine the maximum number of hyperedges possible in an
r-uniform, connected n-vertex hypergraph without a Berge path of length k, as n and k tend
to infinity. We show that, unlike in the graph case, the multiplicative constant is smaller with
the assumption of connectivity.

1 Introduction

Let P, denote a path consisting of k edges in a graph G. There are several notions of paths in
hypergraphs the most basic of which is due to Berge. A Berge path of length k is a set of k + 1
distinct vertices v1,vs,...,vp+1 and k distinct hyperedges hi, ha,. .., hy such that for 1 < i < k,
v;, Vi1 € h;. A Berge path is also denoted simply as Py, and the vertices v; are called basic vertices.
If vy1 = v and vg11 = w, then we call the Berge path a Berge v-w-path. A hypergraph H is called
connected if for any v € V(H) and w € V(H) there is a Berge v-w-path. Let Ng(G) denote the
number of s-vertex cliques in the graph G.

A classical result of Erdés and Gallai [6] asserts that

Theorem 1 (Erdss-Gallai). Let G be a graph on n vertices not containing Py as a subgraph, then

(k—1)n
o) < B0
In fact, Erd6s and Gallai deduced this result as a corollary of the following stronger result about
cycles,

Theorem 2 (Erdés-Gallai). Let G be a graph on n vertices with no cycle of length at least k, then

(k—1)(n—1)
B@) < E2n=

Kopylov [4] and later Balister, Gyéri, Lehel and Schelp [3] determined the maximum number of
edges possible in a connected Pi-free graph.

Theorem 3. Let G be a connected n-vertex graph with no Py, n >k > 3. Then |E(G)| is bounded

above. by el <k; . 1) k1 ([’?1) + V;lJ (n - V—Qﬂb}'



Observe that, although the upper bound is lower in the connected case, it is nonetheless the
same asymptotically. Balister, Gyéri, Lehel and Schelp also determined the extremal cases.

Definition 1. The graph Hy, j, o consists of 3 disjoint vertex sets A, B, C with |A| = a, |B| = n—k+a
and |C| =k —2a. H, jq contains all edges in AUC and all edges between A and B. B is taken to
be an independent set. The number of s-cliques in this graph is

fo(n,k,a) = (k;a> +(n—k+a)<sf1>.

The upper bound of Theorem (3 is attained for the graph Hy, x, or H_ 25
vy 2

We now mention some recent results of Luo [5] which will be essential in our proof.

Theorem 4 (Luo). Letn— 1>k > 4. Let G be a connected n-vertex graph with no Py, then the
number of s-cliques in G is at most

max{fs(n, k, [(k —1)/2]), fs(n, k, 1)}.
As a corollary, she also showed

Corollary 1 (Luo). Let n > k > 3. Assume that G is an n-vertex graph with no cycle of length k

or more, then
n—1/k—1
Ns(G) < .
o )_k—2< S >

Gyéri, Katona and Lemons [2] initiated the study of Berge Py-free hypergraphs. They proved

Theorem 5 (Gyéri-Katona-Lemons). Let H be an r-uniform hypergraph with no Berge path of
length k. If k >r+ 1> 3, we have
n(k
E < - .
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n(k —1)
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If r > k > 2, we have

The case when k = r + 1 was settled later [1]:

Theorem 6 (Davoodi-Gyé&ri-Methuku-Tompkins). Let H be an n-vertex r-uniform hypergraph. If
|E(H)| > n, then H contains a Berge path of length at least r + 1.

Our main result is the asymptotic upper bound for the connected version of Theorem [} as n
and k tend to infinity.

Theorem 7. Let H,, 1 be a largest r-uniform connected n-vertex hypergraph with no Berge path of
length k, then

[ E(Hag)| 1
lim lim = )
k—oon—oo kT 1n 2r=1(r —1)!
A construction yielding the bound in Theorem [7] is given by partitioning an n-vertex set into

two classes A, of size L%J, and B, of size n — L%J and taking X U {y} as a hyperedge for every

(r — 1)-element subset X of A and every element y € B. This hypergraph has no Berge Py as we
could have at most Lk—glJ basic vertices in A and L%J + 1 basic vertices in B, thus yielding less
than the required k£ + 1 basic vertices.

Observe that in Theorem [5 the corresponding limiting value of the constant factor is % which
is ? times larger than in the connected case. Note that the ideas of the proof of Theorem (7| can
be used to prove that the limiting value of the constant factor in Theorem |5| is %



2 Proof of Theorem

We will use the following simple corollary of Theorem
Corollary 2. [[] Let G be a connected graph on n vertices with no Py, then G has at most

Er1in
2r=1(r —1)!

r-cliques if n > ¢y, for some constant cy, depending only on k and r.

Given an r-uniform hypergraph H we define the shadow graph of H, denoted OH to be the
graph on the same vertex set with edge set:

E(OH) := {{z,y} : {z,y} Ce € E(H)}.

Definition 2. Ifr = 3, then we call an edge e € E(OH) fat if there are at least 2 distinct hyperedges
hi,he with e C hy,hy. If r > 3, then we call an edge e € E(OH) fat if there are at least k distinct
hyperedges hi,ha, ..., hy in H with e C h; for 1 <i<k.

We call an edge e € E(OH) thin if it is not fat.

Thus, the set E(OH) decomposes into the set of fat edges and the set of thin edges. We will
refer to the graph whose edges consist of all fat edges in 9H as the fat graph and denote it by F.

Due to space constraintes we omit the proofs of the following three lemmas, full proofs can be
found in the article [7].

Lemma 1. There is no Py in the fat graph F of the hypergraph H.

We call a hyperedge h € E(H) fat if h contains no thin edge. Let F denote the hypergraph on
the same set of vertices as H consisting of the fat hyperedges, then

Lemma 2. If r = 3, then
k-1
o £y < B

If r > 3, then
(k—1)%n
B\ F) < T
Any hyperedge of F contains only fat edges, so it corresponds to a unique r-clique in F. This
implies the following.

Observation 1. The number of hyperedges in E(F) is at most the number of r-cliques in the fat
graph F.

Lemma 3. There are no two disjoint cycles of length at least k/2 + 1 in the fat graph F.

Assume that F' has connected components Cy,Cs, ..., Cy. Trivially, N,.(F) = Ele N, (C;)
If |V(C;)| < k/2, then trivially

IV(CZ-)|> <@ K V(G

NT(CZ) < < rl — 27"—1(7,, — 1)' .
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So we can assume |V (C;)| > k/2. By Lemma[3] we have that for all but at most one i, C; does not
contain a cycle of length at least k£/2 + 1. So by Corollary [1} for all but at most one i, say ig, we

e V(G 1 (K V(G
)| —1 2-1 "
N (C)) < ——— - L Ok,
(G) < k/2—2 < r >_27” L —1)! (K
If |V(Ciy)| > ck,r, then by Lemma and by Corollary [2| we have

Er=HV(Cy)|
. < -
N, (Cy) < T

Otherwise, N, (Cj,) < (‘V((iio)‘) = o(n). Therefore, we have

i t r—1 rfln
Ny (F) = ; Z (l; 1 ’;/_ )i 2l O(k‘r_g)> +o(n) < 27"—]2(7"—1)' + O(E"%)n + o(n).

Therefore, by Observation

r—ln
IB(F)| < No(F) < oot + O )+ o) M)

Since |E(H)| = |E(H\ F)| + |E(F)|, adding up the upper bounds in (lf) and Lemma [2| we
obtain the desired upper bound on |E(H)].
O
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