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Abstract

A graph with chromatic number k is called k-chromatic. Using computational methods, we
show that the smallest triangle-free 6-chromatic graphs have at least 32 and at most 40 vertices.

We also determine the complete set of all triangle-free 5-chromatic graphs up to 24 vertices.
This implies that Reed’s conjecture holds for triangle-free graphs up to at least 24 vertices.
Next to that, we determine that the smallest regular triangle-free 5-chromatic graphs have 24
vertices. Finally, we show that the smallest 5-chromatic graphs of girth at least 5 have at least
29 vertices and that the smallest 4-chromatic graphs of girth at least 6 have at least 25 vertices.

The chromatic number of a graph G, denoted by x(G), is the minimum number of colours
required to colour the vertices of G such that no two adjacent vertices have the same colour. A
graph G with x(G) = k is called k-chromatic. Let 6(G) and A(G) denote the minimum and
maximum degree of G, respectively, or just 6 and A if G is clear from the context. The girth of
a graph is the length of its shortest cycle. A triangle-free k-chromatic graph of order n is called a
(k,n)-graph, a (k,n,d)-graph a (k,n)-graph with A = d and a (k,n, < d)-graph a (k, n)-graph with
A < d. Finally, n(k) is defined as the number of vertices of the smallest triangle-free k-chromatic
graph.

In [I0] Mycielski presented a construction which shows that there are triangle-free graphs with
arbitrarily large chromatic number, i.e. n(k) is well-defined. When the Mycielski construction is
applied to a triangle-free k-chromatic graph on n vertices, it yields a triangle-free (k + 1)-chromatic
graph on 2n + 1 vertices, hence n(k + 1) < 2n(k) + 1.

Chvatal [3] showed that the Grotzsch graph (see Figure [1)) — which is obtained by applying the
Myecielski construction to the 5-cycle — is the smallest triangle-free 4-chromatic graph, so n(4) = 11.

Figure 1: The Grotzsch graph.

In [I3] Toft asked for the value of n(5). Using a computer search Grinstead, Katinsky and Van
Stone [7] showed that 21 < n(5) < 22. In [§], also using a computer search, Jensen and Royle
showed that n(5) = 22 and that there are at least 80 (5, 22)-graphs.

Later, Jensen and Toft asked [J] for the value of n(6). Note that applying the Mycielski
construction to the smallest triangle-free 5-chromatic graphs found by Jensen and Royle gives an
upper bound of n(6) < 45. This was the best known upper bound until Droogendijk [4] presented



a (6,44)-graph in 2015. Later he reported that he also found such graphs on 43 vertices, but did
not provide any adjacency lists or details. The fact that n(5) = 22 and some maximum degree
properties imply that 29 < n(6).

We will present two methods for constructing triangle-free k-chromatic graphs, that is: the
maximum triangle-free method and the maximum degree extension method. The former method
constructs mazimal triangle-free graphs, i.e.: triangle-free graphs such that the insertion of any new
edge forms a triangle. The principal algorithm of the maximum degree extension method mainly
builds upon the following proposition.

Proposition 1. Let G be an mtf (k,n,d)-graph and let v be a vertex of mazximum degree. Then
H=G\(Nw)U{v})isa(a,n—d—1,<d—1)-graph (with « € {k —1,k}).

Using a combination of these methods allowed us to improve the lower bound for n(6) to 32. We
also show that if a (6,32)-graph exists, it must have maximum degree 6, and that if a (6, 33)-graph
exists, it must have maximum degree 6 or 7.

We also determine the complete set of all (5,n)-graphs up to n = 24. These counts are listed
in Table [1, These graphs can also be downloaded from the House of Graphs [1] at http://hog.
grinvin.org/TrianglefreeKChrom. This implies that Reed’s w, A, and x conjecture [I1] holds
for triangle-free graphs up to at least 24 vertices. Next to that, we determine the smallest regular
triangle-free 5-chromatic graphs. That is:

Theorem 2. The smallest reqular triangle-free 5-chromatic graphs have 24 vertices. There are

exactly 63 such graphs and all of them are 7-regular.

Maximum degree
n

<7 7 8 9 10 11 12 >12
22 0 8 70 2 0 0 0 0
23 0 16 033 257 922 41 067 434 1 0 0

24 0 3735593 687 757 507 327 307 106 11 219 245 58 283 28 0

Table 1: The counts of the smallest (5,n)-graphs according to their maximum degree.

In [9] Jensen and Toft also asked for the order of the smallest 4-chromatic graph of girth at
least 5. The Brinkmann graph, which is the smallest 4-regular 4-chromatic graph of girth 5 [2],
gives an upper bound of 21 vertices. Recently, Royle [12] showed that the smallest 4-chromatic
graphs of girth at least 5 have 21 vertices and that there are exactly 18 such graphs. Next to the
Brinkmann graph, this set also contains the smallest 4-chromatic Pjo-free graph of girth 5 found
by Schaudt and the author [6].

We determine the complete set of all 4-chromatic graphs of girth 5 on 22 vertices. Figure
shows the smallest 4-critical graph of girth 5 and maximum degree 7 — it has 22 vertices. (A
k-critical graph is a k-chromatic graph for which every proper subgraph is (k — 1)-colourable).

By adapting the maximum degree extension technique for graphs of higher girth, we also show
the following.

Theorem 3. The smallest 5-chromatic graph of girth at least 5 has at least 29 vertices.

Theorem 4. The smallest 4-chromatic graph of girth at least 6 has at least 25 vertices.


http://hog.grinvin.org/TrianglefreeKChrom
http://hog.grinvin.org/TrianglefreeKChrom

Figure 2: The smallest 4-critical graph of girth 5 and maximum degree 7.

We will also describe how, using a heuristic method, we constructed more than 650 000 (6, 40)-

graphs which improves the upper bound for n(6) from 44 to 40.

To summarise, our main result is:

Theorem 5. 32 < n(6) < 40.

Applying the Mycielski construction to a (6,40)-graph yields a (7,81)-graph and by applying

the maximum degree extension technique using the lower bound from Theorem [5| we obtain:

Corollary 6. 40 < n(7) < 81.

More information can be found on the arXiv in [5].
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