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Abstract

We provide a combinatorial characterization of all testable properties of k-graphs (i.e. k-
uniform hypergraphs). Here, a k-graph property P is testable if there is a randomized algorithm
which makes a bounded number of edge queries and distinguishes with probability 2/3 between
k-graphs that satisfy P and those that are far from satisfying P. For the 2-graph case, such
a combinatorial characterization was obtained by Alon, Fischer, Newman and Shapira. Our
results for the k-graph setting are in contrast to those of Austin and Tao, who showed that for
the somewhat stronger concept of local repairability, the testability results for graphs do not
extend to the 3-graph setting.

1 Introduction

The universal question in the area of property testing is the following: By considering a small
(random) sample S of a combinatorial object O, can we distinguish (with high probability) whether
O has a specific property P or whether it is far from satisfying P? In this paper we answer this
question for k-uniform hypergraphs, where a hypergraph H is k-uniform if all edges of H have size
k ∈ N. For brevity, we usually refer to k-uniform hypergraph as k-graphs (so 2-graphs are graphs).

We now formalize the notion of testability (throughout, we consider only properties P which
are decidable). For this, we say that two k-graphs G and H on vertex set V with |V | = n are
α-close if |G4H| ≤ α

(
n
k

)
, and α-far otherwise. We say that H is α-close to satisfying a property

P if there exists a k-graph G that satisfies P and is α-close to H, and we say that H is α-far from
satisfying P otherwise.

Testability: Let k ∈ N\{1} be fixed and let qk : (0, 1)→ N be a function. A k-graph property
P is testable with query complexity at most qk if for every n ∈ N and every α ∈ (0, 1) there are
an integer q′k = q′k(n, α) ≤ qk(α) and a randomized algorithm T = T(n, α) that can distinguish
with probability at least 2/3 between n-vertex k-graphs satisfying P and n-vertex k-graphs that
are α-far from satisfying P, while making q′k edge queries:

1. if H satisfies P, then T accepts H with probability at least 2/3,

2. if H is α-far from satisfying P, then T rejects H with probability at least 2/3.

In this case, we say T is a tester, or (n, α)-tester for P. We also say that T has query complexity
q′k. The property P is testable if it is testable with query complexity at most qk for some function
qk : (0, 1)→ N.

Property testing was introduced by Rubinfeld and Sudan [22]. In the graph setting, the earliest
systematic results were obtained in a seminal paper of Goldreich, Goldwasser and Ron [12]. These
included k-colourability, max-cut and more general graph partitioning problems. (In fact, these
results are preceded by the famous triangle removal lemma of Ruzsa and Szemerédi [23], which can
be rephrased in terms of testability of triangle-freeness.) This list of problems was greatly extended



(e.g. via a description in terms of first order logic by Alon, Fischer, Krivelevich, and Szegedy [1]) and
generalized first to monotone properties (which are closed under vertex and edge deletion) by Alon
and Shapira [6] and then to hereditary properties (which are closed under vertex deletion), again by
Alon and Shapira [5]. Examples of non-testable properties include some properties which are closed
under edge deletion [13] and the property of being isomorphic to a given graph G [2, 9], provided
the local structure of G is sufficiently ‘complex’ (e.g. G is obtained as a binomial random graph).
This sequence of papers culminated in the result of Alon, Fischer, Newman and Shapira [2] who
obtained a combinatorial characterization of all testable graph properties. This solved a problem
posed already by [12], which was regarded as one of the main open problems in the area.

The characterization proved in [2] states that a 2-graph property P is testable if and only
if it is ‘regular reducible’. Roughly speaking, the latter means that P can be characterized by
being close to one of a bounded number of (weighted) Szemerédi-partitions (which arise from
an application of Szemerédi’s regularity lemma). Our main theorem (Theorem 1) shows that
this can be extended to hypergraphs of higher uniformity. Our characterization is based on the
concept of (strong) hypergraph regularity, which was introduced in the ground-breaking work of
Rödl et al. [11, 19, 20, 21], Gowers [15], see also Tao [24]. We defer the precise definition of
regular reducibility for k-graphs to [16] as the concept of (strong) hypergraph regularity involves
additional features compared to the graph setting (in particular, one needs to consider an entire
(suitably nested) family of regular partitions, one for each j ∈ [k]). Accordingly, our argument relies
on the so-called ‘regular approximation lemma’ due to Rödl and Schacht [20], which can be viewed
as a powerful variant of the hypergraph regularity lemma. In turn, we derive a strengthening of
this result which may have further applications.

Instead of testing whether H satisfies P or is α-far from P, it is natural to consider the more
general task of estimating the distance between H and P: given α > β > 0, is H (α − β)-close to
satisfying P or is H α-far from satisfying P? In this case we refer to P as being estimable. The
formal definition is as follows.

Estimability: Let k ∈ N \ {1} be fixed and let qk : (0, 1)2 → N be a function. A k-graph
property P is estimable with query complexity at most qk if for every n ∈ N and all α, β ∈ (0, 1)
with 0 < β < α there are an integer q′k = q′k(n, α, β) ≤ qk(α, β) and a randomized algorithm
T = T(n, α, β) that can distinguish with probability 2/3 between n-vertex k-graphs that are
(α− β)-close to satisfying P and n-vertex k-graphs that are α-far from satisfying P while making
q′k edge queries:

• if H is (α− β)-close to satisfying P, then T accepts H with probability at least 2/3,

• if H is α-far from satisfying P, then T rejects H with probability at least 2/3.

In this case, we say T is an estimator, or (n, α, β)-estimator for P. We also say that T has query
complexity q′k. The property P is estimable if it is estimable with query complexity at most qk for
some function qk : (0, 1)2 → N.

We show that testability and estimability are in fact equivalent. For graphs this goes back to
Fischer and Newman [10].

Theorem 1 ([16]). Suppose k ∈ N \ {1} and suppose P is a k-graph property. Then the following
three statements are equivalent:

(a) P is testable.



(b) P is estimable.

(c) P is regular reducible.

In [16] we also illustrate how Theorem 1 can be used to prove testability of a given property:
firstly to test the injective homomorphism density of a given subgraph (which includes the classical
example of H-freeness) and secondly to test the size of a maximum `-way cut (which includes
testing `-colourability).

Previously, the most general result on hypergraph property testing was the testability of hered-
itary properties, which was proved by Rödl and Schacht [18], based on deep results on hypergraph
regularity. In fact, they showed that hereditary k-graph properties can be even tested with one-
sided error (which means that the ‘2/3’ is replaced by ‘1’ in (i) of the definition of testability).

The result of Alon and Shapira on the testability of hereditary graph properties was strength-
ened by Austin and Tao [7] in another direction: they showed that hereditary properties of graphs
are not only testable with one-sided error, but they are also locally repairable (one may think of
this as a strengthening of testability). On the other hand, they showed that hereditary properties
of 3-graphs are not necessarily locally repairable. Note that this is in contrast to Theorem 1.

An intimate connection between property testing and graph limits was established by Borgs,
Chayes, Lovász, Sós, Szegedy and Vesztergombi [8]. In particular, they showed that a graph
property P is testable if and only if for all sequences (Gn) of graphs with |V (Gn)| → ∞ and
δ�(Gn,P) → 0, we have d1(Gn,P) → 0. Here δ�(G,P) denotes the cut-distance of G and the
closest graph satisfying P and d1(G,P) is the normalized edit-distance between G and P. Another
characterization (in terms of localized samples) using the graph limit framework was given by Lovász
and Szegedy [17] (none of these results however yield effective bounds on the query complexity).

Another direction of research concerns easily testable properties, where we require that the size
of the sample is bounded from above by a polynomial in 1/α. (The bounds coming from Theorem 1
can be made explicit but are quite large, as the approach via the (hyper-)graph regularity lemma
incurs at least a tower-type dependence on 1/α, see [14].) For k-graphs, Alon and Shapira [4] as
well as Alon and Fox [3] obtained positive and negative results for the property of containing a
given k-graph as an (induced) subgraph.
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(1997), 322–337.

[15] W. T. Gowers, Hypergraph regularity and the multidimensional Szemerédi theorem, Ann. of Math. 166
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