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Abstract

The Fibonacci number of a graph G, is the total number of independent vertex sets of G and
it is denoted by .%(G). This concept was first defined by Prodinger and Tichy in 1982. A closely
related concept is the independence polynomial of a graph, introduced in 1983 by Gutman and
Harary. The problem of finding the Fibonacci number of a graph is an NP-complete problem.
In 2017 we proved that for every two graphs G and H, the Fibonacci number of G[H], the
composition of G with H, can be obtained in terms of the independence polynomial of G and
the Fibonacci number of H. A graph G is said to be vertex-transitive if the automorphisms
group of G acts transitively in its set of vertices. In this talk we will show how to calculate the
Fibonacci number of C,,,[H], the composition of a circulant graph of order n and consecutive
jumps (1,2,...,r) with a graph H, using the fact that C,,[;) is a vertex-transitive graph.

Let G = (V,E) a graph. A subset S of V is said to be independent if for every two vertices
u,v € S there is no edge between them. For a vertex v, G —v and G — N|[v] are the graphs obtained
from G by deleting the vertex v and the set N[v], respectively; where N[v] denotes the set that
contains v and all vertices of G adjacent to v. N[v] is called the closed neighborhood of v. Let
I be the set of all independent vertex subsets of G, and v any fixed vertex of G. Consider the
following sets, I, the set of all elements of I containing v and let I _, its complement. Since
{IGU, IG%} is a partition of I, then the Fibonacci number of G can be obtained by counting all
independent sets containing or not the vertex v. This usual counting method to determine the
Fibonacci number of a graph was provided for Tichy and Prodinger in [5], they proved that the
number of independent vertex sets of P,, the path of order n is precisely a Fibonacci number, and
for C,, the cycle of order n is the n-Lucas number?.

Lemma 1 ([5]). Let G be a graph and v a vertex of G. Then
F(G)=F(G—v)+ F(G— N[v]).

Given a graph G and a family of graphs o = (@ ),ev () Without vertices in common, the Zykov
sum o(G, ) is the graph with vertex set U,y (g)V (aw), and edge set Uyey () E(aw) U{zy @z €
V(aw),y € V(ay) and uv € E(G)}. The composition of two disjoint graphs G with H, denoted by
G[H] is the graph o(G, «), where «, is isomorphic to the graph H, for every v € V(G).

In [2] we proved a generalization of Lemma 1:

Theorem 1 ([2]). Let G and H be two graphs and v € V(G),
Z(G[H]) = F((G = v)[H]) + (F(H) = 1) - Z((G = N[v])[H]).

The independence polynomial of a graph G of order n, is defined as follows: P,(G) = ap +
a1x + - -+ + apx™, where a; is the number of independent vertex-sets of G, with cardinality ¢, for
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all i € {0,...,n}. Observe that a9 = 1 and a; = n for every graph G of order n and a; = 0
for all ¢ > a(G), where o(G) denotes the maximum cardinality of an independent vertex set of
G. We call «(G) the independence number of G. And it is clear that .#(G) = )" | a;, where a;
are the coefficients of P;(G). Gutman and Harary provides the following result of independence
polynomial of graphs in [3].

Lemma 2 ([3]). For every graph G and an arbitrary fized vertex v € V(G),

P,(G) = P,(G — u) + P, (G — N|v]).
In [2] we proved the following results on independence polynomial of graphs composition:

Theorem 2 ([2]). Let G and H be two graphs, G[H] its composition and v a vertez of G, then
Pp(G[H]) = Po((G = v)[H]) + (Pe(H) — 1) P ((G — N[v])[H]).

Given a graph G, and P,(G) its independence polynomial, P,(G)[y] denotes the independence
polynomial of G evaluated in y, with y € Z.

Theorem 3 ([2]). If G and H are two vertezx disjoint graphs, then
Z(G[H]) = P(G)|7(H) —1].

A circulant graph Cy,;; ms,....m,) 18 @ graph of order n with vertex set V' = {v,v2,...,v,} and
edge set ' = {viViym,; (mod n) : ¢ € {1,2,...,n},j € {1,2,...,7r}}, where r € ZF. The values m;
are the jump sizes. C,,) denotes the circulant graphs Cy,1 2. . In [1] we proved that for every
r € ZT and for all n > r+1, the Fibonacci numbers of Chjr) and for several subgraphs of this family
are characterized by some recursive sequences which generalize the Fibonacci and Lucas sequences.

Let G be a graph and v € V(G), we define the k-Fibonacci number of v, denoted by fi(v), as
the number of independent sets of G with cardinality k£ > 1, in wich v belongs. A graph G is vertex-
transitive if for every two vertices u and v there is an automormorphism ¢ of G, such that ¢(u) = v.

Main results:

Theorem 4 (Dosal-Trujillo and Galeana-Sénchez, 2018). Let G be a vertex-transitive graph of
order n with independence number a(G), and fi(v) the k-Fibonacci number of a vertex v,

a(@)
_ n k
P, (G)=1+ ; kfk(v):z: .

Theorem 5 (Dosal-Trujillo and Galeana-Sénchez, 2018). Let r € Z* and «, the independence
number of Cyy1. For all n > 2r + 2 and for every graph H,

n—(rk+1
-1

FCli) =1+ 3¢ (") -1yt
k=1
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