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1. Normalizing flows

Invertible mapping : f X ]Rd —> Rd

FAAE S e

Condition on f : X ~ P1, f Sl f(X) 2 00

log(po(x)) = log(p1(f(x))) + log(det(Ty(x)))



1. Normalizing flows

In practice : Composition of simple invertible map

f="Jkofk—10...0f10 fo
f_lzfl_lo...ofk_l
det(Ty)(f(x)) = | | det(Tp,) (xx)



1. Normalizing flows

In practice : Composition of simple invertible map

f="Jkofk—10...0f10 fo

Lots and lots of possibility for fx

* Expressivity
Inference
Inverse
Jacobian

Determinant of Jacobian [Kobyzev et Al. 2021]

Noteworthy exemple : fk(:l’}) = T+ hg(fl:, 9)



2. Continuous Normalizing flows

/ /hg x;0)
Forward Euler step : = yk L AtV (y k—1 th_1)
Corresponding EDO : atz - 9(27 t; 9)
2(0) =«

&
- Integration of a learned dynamic : f(ilf) = Za:(T) =T+ / g(z(t):- t; Q)dt
0



2. Continuous Normalizing flows

“Infinitely” deep neural network

Residual Network ODE Network
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[Chen et Al. 2019]



2. Continuous Normalizing flows

Instantaneous change of variable :

0ul(2,t) = Tr( Ty 1) (2(2,1))) = div(g)(=(, 1), £; )

Such that : Z(ﬂj,,T) = log(dﬁ?t(jf(iﬂ)))

Continous backpropagation :

{ &
Op L / Vz(t)L Oog(z(t),t;0)dt
0

[Chen et al. 2019]



2. Continuous Normalizing flows

Training : Kullback-Leibler divergence
Dyt | p(z(2,T)) || p1(2(2,T)) |

- /O(z(ac,T)) Z(T e VA 1 xr
‘AdIOg(pl<z(w,T>>)p( s et (Ve Al i

_ o po(x) or il
B /]Rdl 5 (m (2(x,T)) det (Vz(sc,T))) pol) dz,

— /]Rd [log (po(x)) —log (p1(2(x,T))) — logdet (Vz(a:,T))]pg(a:) de.

e PO is unknown
* plis chosen as a normal distribution



2. Continuous Normalizing flows

Training : log-likehood maximisation

Dkr, = A{d :log (po(x)) —logdet (Vz(x,T)) + %Hz(m,T)H2 + glog(?ﬁ) po(x)dx

:/ log (po(x)) —I—C’(:I:,T)} po(x) de cw,n:;z(x,mm(m—gzog(m
RO~

= Ep, () {10g (po(x)) + C(z,T)} .

- mgin B O T



2. Continuous Normalizing flows

Drawbacks :
* Slow integration
* “High” computational cost of the score

(b) Latent Neural Ordinary Differential Equation

[Chen et Al. 2019]

10



3. OT-Flow

Main idea : Regularization of the trajectories for a faster integration

z il | .(z,0) B2 0
FAVARRAVAN
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3. OT-Flow

Main idea : Regularization of the trajectories for a faster integration

¢ 4
1
OT penalization : L(g;’T):/ §||Q(Z$(t),.t;9)‘2dt
0

- Relaxed Benamou-Brenier formulation

mgn E,|C(x,T)+ L(x,T)]

* “Convex optimization” problem
« Straight and non-intersecting trajectories
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3. OT-Flow

Pontryagin Maximum Principle : 4® s.t. g(x, t; 9) = —V&(x,t; 9)

— Learning of the potential instead

Hamilton-Jacobi-Bellman equation (optimal controle theory):
1
~0:0(@, ) + 5[ Ve(2(x, 1), )] = 0
®(z,T) = 1+log (po(x)) —log (p1(2(z,T)))

—U(z(x,T),T).
Additional constraint :

R(a:,T):/O 0,0 (2(w.1).1) — 5 |[Ve(2(a,1),1) | .
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3. OT-Flow
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3. Implementation

Network architecture :

1
D(s;0) =w ' N(s;0y) + §ST(ATA)3 +b's+c

ResNet :
Uy = U(K08—|—b0)

N(S;BN) = U1 :u0+ha(K1u0+b1)
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4. Score Computation

Exact trace computation : tr (V°®(s;0)) = tr (ET Va(N(s;0n)w) E)

+tr (ET(ATA) E)

tr (E' VZ(N(s;0y)w) E) =ty + hty, where
to = (0" (Kos +bo) © zl)T((K{JE) © (KoE))1
ty = (0" (Kyug + b)) Ow) ((K,J)o (K1J))1
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