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ABSTRACT

In this paper we propose an inter-subject non-rigid image
registration method that is derived from the concept of
elastodynamics. Non-rigid warps are modeled as elastic
waves which tend to recover extensive deformations. The
deformable transformation model is given by Navier PDE
which is solved iteratively using finite difference approxima-
tions. The dynamical displacements so computed represent
the warp field which is then used to bring the subject image
into spatial correspondence with the atlas. The results were
validated using Jaccard coefficient (.J), Dice coefficient (D),
Overlap coefficient (O) and Normalized Cross Correlation
(NCC) with mean + std values of 0.81 £ .04, 0.89 £ .03,
0.99 £ .01 and 0.97 £ .01 respectively. This quantitative
assessment confirmed that the proposed registration method
performs very well.

Index Terms— Elastodynamics, Image Registration,
Magnetic Resonance Imaging (MRI), Medical Image Analy-
sis

1. INTRODUCTION

Medical imaging technology has revolutionized medical and
clinical practices. It emerged as a tool for the visualization
and inspection of anatomical structures [1] but today it is
extensively used for surgical planning and navigation [2],
dosage planning [3] and for monitoring syndrome develop-
ment [4]. Medical image analysis [5] aids scientists and
clinicians in neuroscience for computational anatomy, vol-
umetric analysis and brain development studies. Non-rigid
image registration is a key enabling technique that is used
for medical image analysis and image guided surgery [6] as
it helps neurosurgeons in accurate localization of anatom-
ical structures. It facilitates in gaining knowledge about
the location of anatomical structures, tissue type, structural
boundaries etc. by registering the subject image onto an atlas
where the structures have superior visibility. This constitute
a class of registration known as inter-subject registration.
This paper presents a new physical model based inter-
subject non-rigid image registration algorithm that is inspired
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by the theory of elastodynamics. The image under defor-
mation is modeled as an elastic material over which waves
are generated due to the action of unbalanced external force.
These time varying elastic waves demonstrate the local warps
within the image and enable the modeling of large extensive
deformations. The non-rigid transformation is determined by
computing the dynamic displacement field described by elas-
todynamics wave equation. The inertial forces carry out the
registration process and towards the end, the elastic material
is brought into equilibrium state i.e. the waves die out as the
two images become similar to each other.

Current research on non-rigid transformation model di-
vides them into two broad categories:
Parametric models: These models are derived from interpo-
lation and approximation theory which includes radial basis
functions (e.g. Thin plate splines [7], multiquadrics [8],
weighted mean [9], Wendland »— Functions [10] etc.).
Non parametric models: These are derived from physical
models based on the notion of continuum mechanics (e.g.
linear elastic model [11], viscous fluid flow model [12], dif-
fusion model [13]) and curvature registration [14].
The existing linear elastic model is based on the notion of
elastostatics which assumes that under the action of applied
force, the elastic body undergoes static deformations i.e.
small displacements. Hence it can only recover small defor-
mations. On the other hand, viscous fluid flow model based
on fluid’s physical properties models the motion of voxels
over time as velocity field. It can recover large deformations
but it is computationally inefficient due to time integration of
the velocity field in order to get the displacement field.

2. THEORY OF ELASTODYNAMICS

The underlying idea of elastodynamics is that when the equi-
librium of elastic body is disturbed, it is set into motion. This
motion depicts waves characteristics because every point in
the body is not disturbed simultaneously rather this distur-
bance propagates over time [15]. Thus elastodynamics relies
on the study of elastic waves, constituting the subject of time
varying linear elastic theory.
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Consider an elastic medium that undergoes dynamical
displacement ¢ under the action of an unbalanced force f
known as inertial force, produced by stress S.

f=—-V.S=uV2+(n+)\V.VC (1)

According to law of conservation of momentum, the inertial
force must produce a rate of change of momentum given by
the Navier partial differential equation [16];

8%¢

pVA3 + (p+ N V.V =-V.S = Pom

@)
Eq (2) is only for homogeneous and isotropic media where p
is the material density, p is the shear modulus and A is the
Lame’s coefficient. The wave equation of elastodynamics is
similar to elastostatic equilibrium equation except for the ad-
ditional acceleration term. The elastostatic equation is given
by Navier-Cauchy partial differential equation as;

pV3Ai + (p+ N V.V =-V.S 3)

The elastic deformations require the position of particle to
be represented in Lagrangian reference frame where the refer-
ence point moves with the particle. Eulerian reference frame
is required to represent the particle’s position for fluid defor-
mation where the point of reference is fixed. Since the wave
equation is linear it has same Eulerian and Lagrangian repre-
sentations, difference occurs only when there are non linear
terms.

3. MATERIALS

The T1 weighted MR images of human head for 12 subjects
were acquired using Philips Medical Systems Gyroscan 1.5T
MRI scanner. One 2D axial slice from each subject were se-
lected at visibly same location in superior-inferior axis. These
slices had 256x256 pixels with in-plane resolution of 1mm.
The atlas image was acquired using 3D Turbo Flash 3T MRI
scanner. Similar 2D axial slice of atlas was extracted which
had resolution of 256x256 with pixel size of 1mm?. The skull
was segmented from all the images using morphological op-
erations.

4. METHODS

In this paper we present an inter-subject non-rigid registra-
tion framework based on elastodynamics wave equation. We
propose to model the image as an elastic solid that under the
influence of external force undergoes dynamical deformations
such that the perturbations characterize wave-like behaviour.
Thus the registration problem is formulated as solving the hy-
perbolic wave equation and finding the displacement vector
u which maps every pixel x= [z, zy]T in the source image
J(x) to corresponding pixel in the reference image (x).
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Letu = [u, uy]T be the displacement vector. The wave
equation as transformation function for each coordinate direc-
tion is expressed as;

0,
1V + (1 + \) V.V + fo = p 8:2 @)
2 0%uy
NV uy + (p+A) V.V, + fy =p 92 ()

where p, A and p control the amount of deformations. If their
value is too large then the image depicts a rigid material and
it becomes hard to deform. In contrast, if the value of these
constants is too small then the image represents an extremely
flexible material such that the system becomes unstable. f,
and f, are the inertial forces for horizontal and vertical com-
ponents respectively described as follows;

fo=—ki (J(x+u)—I(x)) m ©
b= ko (] (x 4+ 0) I(x))m, @)

where k1 and ko are the constants.

4.1. Proposed Algorithm

The proposed algorithm for non-rigid registration of MR im-
ages has following steps:

1. Initially the current and the previous displacement vec-
tors or the warp fields are set to zero (the rest state) i.e.
Uz (X;t0) = ug(X;t1) = 0 and uy (X5 to) = uy(X;t1) =
0.

2. The whole registration process is driven by the inertial
forces. The quantity within brackets in eq (6) and eq
(7) gives the difference between the two images and the
derivative term gives the direction of change in the de-
formed image. The constants k; and ko are iteratively
increased with the constant step size. If the mean value
of the inertial force falls below the threshold then the
warp field is not updated otherwise proceed to step 3.
The threshold value is experimentally set to 1075,

3. Solve the partial differential equation given by eq (4)
and eq (5). Finite difference approximation is used to
compute the warp field, as given by eq (8) and eq (9).
The values of the constants are experimentally set as:
1=0.5, A=0 and p=4.

UV U, (x5 t,) + uV.Vug (X5 t) + fo
p
+ 2'“/9: (X; tn) — Ug (X; ﬁnfl) (8)

Ug (X; thrl) =

UV 2wy (X; ) + uV.Vuy (X5 t,) + fy
p
+ 2uy (X5 tn) — uy(X5tn—1)  (9)

Uy (X§ tn+1) =
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4. The warp field so computed is now used to deform the
source image. The transformed pixel coordinates X=
[X, X,]" are then given as:

X, = xy + uy (11)

4.2. Validation

The qualitative and quantitative analysis of registration accu-
racy was conducted by performing the proposed 2D non-rigid
image registration on 12 subject MR brain images. The re-
sults were qualitatively evaluated using the checkerboard dis-
play of the atlas image and the registered subject images. This
visualization tool overlays the two images and the degree of
alignment is checked at the structural boundaries. For visual
analysis, atlas and the subject images (both pre-registered and
post-registered) were also fused. Apart from qualitative anal-
ysis, the quantitaive evaluation was carried out by area over-
lap measurement. For this purpose the lateral ventricles (left
and right) were manually delineated from the atlas image and
the subject images since it has well defined boundaries. Let
S be the lateral ventricular region segmented from atlas im-
age and So be the lateral ventricular region segmented from
a subject image and transformed into the atlas domain after
non-rigid image registration. Jaccard coefficient .JJ [17], Dice
coefficient D [18] and Overlap coefficient O [19] were calcu-

lated as follows;
B [S1 N S|

J == 12
|51USQ| (2)

2|51 N S,
D=—1"—"-"—- 13
[S1] + |S2] (13)
O:M (14)

min [|S1] , |Sz|]

Besides the overlap measurement tools, normalized cross cor-
relation (NCC') [20] was also used to quantify the degree of
accuracy of registration result. NC'C' was computed over the
whole image domain.

S. RESULTS AND DISCUSSION

The 2D axial MR slice of the atlas (Fig. 1(a)) and the subject
(Fig. 1(b)) were used for the registration procedure. It can be
seen in Fig. 1 that skull is segmented and only brain region
is used for the registration. The transformation for each coor-
dinate direction was determined using the discretized version
of elastodynamics wave equation given by eq 8 and eq 9. The
resulting warp field was used to iteratively deform the sub-
ject image so that it gets aligned with the atlas. Checkerboard
display of the axial view of the atlas and the pre-registered
subject image is shown in Fig. 2(a). It can be observed that
the two images are clearly misaligned. The corresponding
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Fig. 1. 2D axial MR slice of (a) the atlas image and (b) the
subject image.

Fig. 2. Checkerboard display of the atlas and one of the sub-
jectimage (a) before registration and (b) after registration pro-
cedure (b). The corresponding zoomed-in ventricular region
is shown in (c) and (d). Note the well aligned ventricles in

(.

zoomed-in view of the ventricular region is shown in Fig.
2(c). Fig. 2(b) shows the result of the proposed registra-
tion process. The zoomed view of the ventricular region is
shown in Fig. 2(d). One can see in Fig. 2 that our registration
procedure resulted in a very good alignment of ventricles. Im-
age fusion was also used as a visualization tool to assess the
quality of registration. Fig. 3(a) shows the fusion of atlas
and 12 pre-registered subject images. It can be observed that
the fused images are blurred with no overlapping structures
whereas in Fig. 3(b) the fusion of atlas and 12 post-registered
subjects resulted in a smooth display.

The quantitative evaluation of the registration accuracy
was carried out by manually segmenting the lateral ventricles
from the atlas and subject images. These segmentation maps
were then used for overlap measurement using J, D and O.
Besides this NCC' was also used to evaluate registration ac-
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(b)

()

Fig. 3. Image fusion of axial slice of atlas and (a) 12 pre-
registered subject images and (b) with 12 post-registered sub-
ject images. Note the blurred fusion in (a) and smooth fusion
in (b).

Table 1. Statistical Evaluation of J, D, O and NCC for Seg-
mented Lateral Ventricles in 12 Different Subjects

Subjects | J [ D | O [NCC |
1 0.82 | 090 | 0.99 | 0.96
2 0.88 | 093 | 098 | 0.97
3 0.76 | 0.86 1.0 0.96
4 0.85 | 092 | 098 | 0.96
5 0.81 | 0.89 | 0.99 | 0.95
6 0.83 | 090 | 0.99 | 0.97
7 0.82 | 090 | 0.99 | 0.98
8 0.71 | 0.83 1.0 0.97
9 0.78 | 0.87 1.0 0.96
10 0.82 | 0.90 1.0 0.98
11 0.84 | 091 | 098 | 0.97
12 0.81 | 0.89 | 0.99 | 0.98

mean 0.81 | 0.89 | 0.99 | 0.97
+std +.04 | £.03 | £.01 | £.01
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Fig. 4. Accuracy comparison of the proposed registration
procedure in terms of (a) Jaccard Coefficient, (b) Dice Co-
efficient, (c) Overlap Coefficient and (d) Normalized Cross
Correlation.

curacy. The statistical evaluation of J, D, O and NCC' is
given in Table 1 which shows the mean + std for all the 12
subjects. The mean=+std of Jis 0.81£.04, D is 0.894.03, O
i 0.994.01 and NCC'is 0.97=£.01 over ventricles. Boxplots
of the assesment tools before and after image registration is
shown in Fig. 4. These boxplots indicate that before registra-
tion data was widely distributed and had lower values whereas
after non rigid registration the spread of the data became nar-
rower and had higher values close to one. This proved that
our proposed method yielded high quality registration results.

6. CONCLUSION

This paper presented a non-rigid image registration scheme
based on the concept of elastodynamics. The non-rigid de-
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formations are modeled as elastic waves which are generated
due to dynamical perturbations in an elastic medium under
the action of inertial force. The proposed elastic wave model
is able to recover large deformations well. The qualitative
and quantitative assessment of the results signify that our pro-
posed registration method achieves very good alignment.
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